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We discuss two methods that can be used to estimate the impact of internal and external variability
on nonlinear systems, and demonstrate their utility by comparing two experimentally implemented
oscillatory genetic networks with different designs. The methods allow for rapid estimations of
intrinsic and extrinsic noise and should prove useful in the analysis of natural genetic networks and
when constructing synthetic gene regulatory systems. © 2006 American Institute of Physics.
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The expression of genes is a highly controlled process that
involves elaborate transcriptional regulatory programs
encoded in extensive protein-protein and protein-DNA in-
teraction networks. It is commonly held that the relation-
ship between genotype, environmental cues, and cellular
phenotype is deterministic and that transcriptional regu-
latory programs operate with high precision to ensure
gene activation and repression in the appropriate tempo-
ral order. However, measurements of gene expression at
the single cell level have demonstrated significant vari-
ability among isogenic cells experiencing identical envi-
ronments, challenging the general validity of these as-
sumptions. Indeed, it is becoming increasingly clear that
gene expression is quite a noisy process, and that varia-
tion among supposedly identical individuals may play a
more prominent role in key areas like development and
disease than previously anticipated. Brute-force stochas-
tic simulations may not be feasible for large-scale systems
or in systematic analysis, which call for more efficient
methods for estimating the impact of intrinsic and extrin-
sic variability on system function.

I. INTRODUCTION

Recent years have seen remarkable progress in our un-
derstanding of the origins and consequences of stochasticity
in gene expression.l_4 These advances have been driven by
theoretical advances enabling biological hypotheses formula-
tion using stochastic process and dynamical systems theory,
and experimental advances enabling measurements of gene
expression at the single cell level. Noticeably, it has been
confirmed experimentally that the precision of gene expres-
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sion is limited by the fundamental statistical-mechanical 1/N
scaling of relative fluctuation amplitude (i.e., the noise) and
abundance N, and that population variability in the expres-
sion of single genes depends on DNA-encoded parameters in
accordance with relationships predicted by stochastic
thec)ry.6_8 Additionally, research strategies combining experi-
mental and theoretical approaches are beginning to illumi-
nate how noisy gene regulatory signals propagate through
signaling pathways, transcriptional cascades, and feedback
loops, and how gene expression noise can lead to the emer-
gence and switching between distinct expression states.””™®

The impact of stochasticity on the functioning of gene
networks has also been the subject of considerable theoreti-
cal investigations, particularly in the context of design prin-
ciples that can ensure the maintenance of network function
despite internal or external perturbations.l9’20 Some of the
most intriguing subjects of this research are networks able to
adapt, as in bacterial chemotaxis, or support oscillatory gene
expression (see, e.g., Refs. 21-43). For oscillatory systems, a
comprehensive analysis recently demonstrated that some net-
work designs are more robust than others.* Additionally,
two synthetic oscillatory networks with different architec-
tures, the Repressilator25 and the Atkinson oscillator,31 show
marked differences in their ability to generate and maintain
oscillations when implemented experimentally. Escherichia
coli cells harboring the Repressilator network show a few
noisy oscillations that desynchronize on a short time scale,
while E. coli cells harboring the Atkinson network maintain
population-synchronous (damped) oscillations over a long
time scale. While the design of the Atkinson oscillator is
related to that of a noise resilient minimal model of circadian
oscillations,”®* it is unclear if the differences in apparent
robustness observed experimentally are due to differences in
their network design.
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FIG. 1. A simple model for the expression of a single gene. All steps cor-
respond to first-order reactions with the indicated rate constants (units of
inverse time).

Despite significant progress made within the past few
years, there is still a clear need for the development of meth-
odologies that can be used to determine how different net-
work designs behave in the presence of substantial internal
and external perturbations. It is in general not possible to
obtain exact solutions for nonlinear stochastic systems, and
relying solely on brute force numerical simulation is in most
cases prohibitively time consuming. Here, we discuss two
methods that can be used to estimate the impact of internal
and external variability on nonlinear oscillatory systems, and
demonstrate their utility in a limited comparative investiga-
tion of the Repressilator and Atkinson networks.

This paper is organized as follows: In Sec. II, we review
and discuss how internal and external perturbations and vari-
ability impact the expression of a single gene, and introduce
the basic terminologies and methods that will be used in the
subsequent sections. In Sec. III, we discuss the linear noise
approximation (LNA),“*® which, as pointed out by
others,*’~* provides a method for rapid assessment of the
impact of intrinsic noise on genetic networks. In Sec. IV, we
extend the static noise approximation (SNA) introduced in
Sec. II and the LNA introduced in Sec. III to a nonlinear
oscillatory model system. The comparative analysis of the
two genetic networks is done in Sec. V. While this analysis
relies on approximate methods and is not exhaustive, it indi-
cates that the Repressilator is more resilient to internal and
external perturbations than the Atkinson oscillator when both
systems exhibit a macroscopic limit cycle. The differences in
apparent robustness observed experimentally may be due to
differences in experimental strategies or in the excitability of
the Atkinson oscillator.

Il. STOCHASTICITY IN THE EXPRESSION
OF A SINGLE GENE

To start our discussion, we being by considering how
internal (intrinsic) and external (extrinsic) perturbations af-
fect the expression of a single gene. A simple model of this
process is given in Fig. 1. It involves the synthesis of mRNA
from a single DNA-encoded gene template, the synthesis of
protein from mRNA templates, and the decay of mRNA and
protein molecules. Additionally, the DNA template switches
between transcriptionally active and inactive states at rates
that depend on the binding of transcriptional regulators to the
promoter region of the gene.

In a deterministic description that ignores stochastic ef-
fects, the cellular mRNA and protein concentrations m and p
are governed by the macroscopic rate equations
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m
_=KM—5Mm,

dp
— = - Opp, 1
di ’ Kpm PP (1)

where k,, is the effective synthesis rate of mRNA molecules.
This rate is proportional to the average probability of the
promoter being in the active state (koy/[kon+kos]). The pro-
portionality factor is the rate constant k,, associated with
transcription  from the active promoter (i.e., Ky
=kyrkon!/ [kon+kope]). The steady state concentrations m*® and
p’ are accordingly

Ky Ky Kp
m'=—, p'=—7, 2
5, = 5,8, (2)
which, by definition, are related to the average steady state
number of mRNA and protein molecules (m)° and (p)*
through the system size () (the volume) by the relationships
=(m)/Q and p=(p)/ (), respectively.

A. Fluctuations in extrinsic factors

Extrinsic noise is generally defined as fluctuations and
variability that arise in a system due to disturbances originat-
ing from its environment and thus depends on how the sys-
tem of interest is defined. Examples of extrinsic sources of
noise in the expression of a single gene include fluctuations
in transcriptional regulatory signals, varying efficiencies of
the transcriptional and translational machinery as well as
variation in gene copy number and population dynamics.
While these and other factors can be incorporated into more
comprehensive descriptions of the gene expression process,50
it is often the case that insufficient information is available to
establish a meaningful level of quantitative detail. Conse-
quently, the parametric variations that cause extrinsic noise
are often modeled generically based on a minimal number of
assumptions.

Here we focus on perhaps the simplest case of static
external perturbations. To clearly separate noise due to vari-
ability in external factors from the noise that is intrinsic to
the system, the impact of parametric variability is investi-
gated in the macroscopic limit governed by deterministic rate
equations. In this limit, we evaluate the steady state extrinsic
noise by calculating how external perturbations in system
parameters affect the steady state protein concentration. In
later sections, this method, which we refer to as the static
noise approximation (SNA), is extended to the more general
case of concentrations that change in time. To our knowledge
this method has not been previously used, but it is simply
one of many ways to formalize the standard practise of in-
vestigating robustness by determining the effect of perturba-
tions in individual parameters.

To employ the SNA, we begin by selecting a parameter
p of interest and setting it to a fixed nominal value p=p,
where the steady state is characterized by pp P*(py). We
then select random numbers p; (corresponding, e.g., to indi-
vidual cells) from a normal distribution with mean p, and
standard deviation o, such that the parametric noise perturb-
ing the system is given by 7,=0,/py.

The steady state protein abundance corresponding to
sample p; is denoted by pi=p*(p;) and gives rise to a distri-
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bution with average (p)* and standard deviation g,,. The rela-
tive strength of this induced variation is the extrinsic noise
Nexi=0,/{p)’. This variation is related to the parametric
noise through the extrinsic noise susceptibility y,, which
measures the amplification or attenuation by the system of
parametric noise in p. In the case of protein abundances, the
steady state extrinsic noise susceptibility x|, is given by

Xp= = PO (3)
m  (p)'o,
This general result is only restricted by requiring a con-
strained width of the distribution in p to avoid sampling un-
physical (e.g., negative) parameter values, or values for
which the system no longer admits a steady state.

When the distribution in p is sufficiently narrow, the
resulting perturbations &; are typically small, and so the re-
sulting change in steady state protein concentration can be
approximated by a truncated Taylor series

P(po+ &) = p*(po) + 6, s 4)

where S, , is the sensitivity coefficient of the steady state p*
with respect to p evaluated at p=p,

ap*(p)
dp

Spp=

)

P=Pq

In this linear regime of the SNA, the average steady state
(p)* is equal to the macroscopic steady state pZO and it fol-
lows immediately that the extrinsic noise is given by

1

s )2
Po)
where the sum is taken over N samples. Consequently, the
steady state extrinsic noise susceptibility takes the form

2 _
7]ext -

1 s s Po :
K/z [P} -y, )= nﬁ( p.—YS,,,,,> , (6)

Po

A
(3lnp‘OO

dlnp @

s _ Po
Xp= " ISp6l =
P pf’o P.p

which is the relative sensitivity coefficient or logarithmic
gain. The logarithmic gain is used commonly in biochemical
control theory,51’52 and also appears in several studies of ge-
netic networks in the context of propagation of noise be-
tween distinct processes (see, e.g., Refs. 2 and 13).

As a simple example of the linear SNA method, consider
the steady state protein concentration defined in Eq. (2). This
steady state depends linearly on the rates of mRNA and pro-
tein synthesis, «, and kp and is associated with an extrinsic
noise susceptibility of unity for each. Hence, parametric
noise of magnitude 7, in each of these parameter yields a
steady state variability characterized by 7= 17,, and is nei-
ther attenuated nor amplified by the system. The cases of
parametric noise in the decay rates &, and Jp are less trivial
since the effect on the steady state is poorly approximated by
Eq. (4). The use of the SNA in the nonlinear regime will be
discussed in Sec. IV A 1.

Intuitive cases where amplification or attenuation of
parametric noise arise, for example, when a regulatory signal
modifies the effective rate of mRNA synthesis «,, in a non-
linear fashion. In the genetic oscillators discussed in Sec. V,
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the dependence of mRNA synthesis rate on an activating
signal a and a repressing signal r will be modeled using
Hill-type kinetics and the phenomenological relationships

kya® k
me Ky (r) = M

—’ _’ 8
1+ad" 1+ ®

ky(a) =
where n is the Hill coefficient. With these definitions, evalu-
ation of Eq. (7) yields the steady state noise susceptibilities

n n-r'

S: , Y: . 9
Xa 1+d" Xr 147" ©)

Hence, for fixed parametric variability, a weak activatingiig—
nal amplifies the parametric noise (x>1 for a<{n-1)
while a strong activating signal attenuates it (<1 for a
> {‘J’m). The reverse holds for a repressing signal. In both
cases, the impact of parametric noise is minimized when the
relative expression level is increased. For n=2, relative ex-
pression levels below 50% (a<<1 or R>1) yield amplifica-
tion while expression levels above 50% yield attenuation.
For n=3 and n=4, attenuation only occurs above 67% and
75% expression, respectively. Taken together with the depen-
dence of x* on the Hill coefficient n, these results indicate
that highly nonlinear gene regulation are particularly suscep-
tibly to variability in transcription factor activities.

In reality, transcriptional regulatory signals, as well as
the other system parameters, may be characterized poorly by
the SNA. The only way to thoroughly investigate how ex-
trinsic noise impacts a given system is to establish a suffi-
ciently detailed model of the external process. In this case,
however, the process becomes part of the system of interest
and the investigation turns to the propagation of intrinsic
noise. It is therefore necessary to employ tools that can be
used to estimate how intrinsic noise affects nonlinear bio-
chemical reaction systems (see also the contribution by
Hasty et al., in this issue of Chaos). Before discussing such a
tool in Sec. III, we briefly review how an exact method for
linear systems has been employed in the context of single
gene expression.

B. Intrinsic gene expression noise

The deterministic model in Eq. (1) is obtained from the
qualitative picture in Fig. 1 by treating each step as an el-
ementary chemical reaction and applying the law of mass
action. The law of mass action was developed to describe
chemical reactions under conditions where the number of
each chemical species is so large that concentrations can be
approximated as continuous variables without introducing
significant error. In this macroscopic limit, the change in
concentration following the addition or removal of a few
molecules is imperceptible.

In reality, all molecular systems are composed of dis-
crete states characterized by having rn=n,,n,,...,n; mol-
ecules of species si,5,,...,5;. A chemical reaction intro-
duces a transition from the current state n to a new state n’
that depends on the molecules generated and destroyed in
that reaction. The probability that the n —n' transition will
take place at a given time is in turn proportional to the prob-
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ability P(n,t) that the system is in state r at time ¢. This can
be used to write an equation for the rate of change in the
probability P(n,1)

JP(n,t
#=E Wy aP(',1) = W, P(n,1), (10)

n

where W,,_, are the transition probabilities for reaction
events moving the system into state n from a neighboring
state n’, and W,_,,,» are the transition probabilities for reac-
tion events moving the system out of the state n to a neigh-
boring state n’. The discrete transition probabilities can in
turn be expressed in terms of a step operator, Ei‘ The step
operator describes the addition or removal of k molecules of
species i when a particular reaction occurs. For a function
f(n;,n;) with two integer arguments, Ef increments n; by an
integer k

Eif(nin) = f(n; + k.n;). (11)

The rate equation for the probability density P(n,) in
Eq. (10) is called the chemical Master equation.53 The first
and second moments of P(n,) with respect to a species i are
the average number (n;)(f) of that molecule and variance
<ni2>—<n,»>2:0'l-2(t), respectively. The intrinsic noise, defined
by () =0(t)/{n;)(¢) for species i, is thus directly related
to moments of P(n,1).

To construct the Master equation associated with the
model of gene expression shown in Fig. 1, consider first the
change in the system state due to degradation of mRNA.
With a, m, and p denoting the number of active promoters,
mRNA, and protein molecules, respectively, the change in
the probability is given by

dP(a,m,p,t)

” =Sy(m+ 1)P(a,m+1,p,t)

_5Mn_/lP(C_l,n_/l,p_,t), (12)

where the first and second term describes the flux in and out
of state {@,m,p,t} due to the removal of one mRNA. With
the use of the step operator Ef, Eq. (12) can be presented in
the compact form

dp

0 w(E), — 1)inP, (13)
where the probability density P=P(a,m,p,t) is introduced
for clarity. For a single promoter, the contributions to the
probability flux due to promoter binding, transcription, pro-
tein synthesis, and protein degradation are obtained in a
similar way yielding the Master equation

dpP
s kon(E;' = 1)(1 = @)P + koi(EL = 1)aP

+ ky(E, = 1)aP + kp(E,' - 1)inP

+ Oy(E,,— )inP + Sp(E, — 1)pP. (14)

Because the Master equation is linear in the state vari-
ables a, m, and p, it is relatively easy to calculate the mo-
ments of the probability distribution using the so-called mo-
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ment functions.”® With this approach, average steady state
numbers of mRNA and protein molecules (the first moments
of P) are given by

<,,_1>S=<5>.J;_z, =G (15)

where (@) =k,/ (kon+kop) is the average probability of the
promoter begin active. The analysis also yields the variances
in a, m, and p as the second moments of P and an expression
for the intrinsic noise in the steady state protein abundance
containing terms arising from protein, mRNA, and promoter
kinetics. Using the results obtained in Ref. 8 and assuming
that protein decay is slow compared to the promoter kinetics
(8p<<kgn+kog), the intrinsic noise in steady state protein con-
centration can be written as

, 11 11 Sukorikon
M= o\ 5+ ) *
Q p 1 +¢m (1 +¢)(kon+koff)

mRNA and protein kinetics promoter Kinetics (1 6)

where ¢= 6,/ Op.

It is clear from Eq. (16) that there are three ways to
suppress the impact of fluctuations arising from mRNA and
protein kinetics; (1) large system size (2, (2) high mRNA and
protein concentrations, and (3) rapid mRNA decay. Rapid
mRNA decay (8,5 6p) suppresses the impact of low mRNA
concentration on protein fluctuations through time
averaging.2 This suppression essentially comes about when
the mRNA abundance fluctuates so rapidly about its mean
that the slower downstream variable (i.e., protein abundance)
respond only to changes in the mean.

Regardless of this time averaging, intrinsic noise can be
reduced by increasing the expression level, which increases
the concentrations of both mRNA and protein. When the
system size () is fixed, variation in expression level yields an
inverse scaling relationship 7, ~ 1/p between the intrinsic
noise and the abundance of the expressed protein. As men-
tioned in the Introduction, this relationship has been con-
firmed experimentally.25

The relationship between system size (i.e., volume) and
intrinsic noise has been studied extensively in the context of
chemical reaction systems. In such systems, for fixed con-
centrations the intrinsic noise generally becomes negligible
when the volume in which the reactions take place is suffi-
ciently large (the macroscopic or deterministic limit). This is
because relative fluctuation amplitude generally scales with
the number of molecules as 7, ~ 1/4Q regardless of the
concentrations of the involved species, as captured by the
contribution from mRNA and protein kinetics in Eq. (16).

In the sections to follow, we will use decreased system
size as a means of evaluating the impact of intrinsic noise on
the function of gene regulatory networks. However, it is
worth noting that Kinetics at promoters (whose copy number
remain low regardless of system size) may generate addi-
tional variability in the processes (see, e.g., Refs. 3, 7, 8, and
55). Indeed, experiments in Saccharomyces cerevisiae have
demonstrated effects that are consistent with slow promoter
kinetics in Eq. (16).>°® While the topic will not be discussed
in further detail, it is important to recognize that gene expres-
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sion systems involving slow promoter kinetics may display
significant deviations from the fundamental statistical-
mechanical system-size scaling predicted for chemical reac-
tion systems (see also Ref. 55).

lll. LINEAR NOISE APPROXIMATION

Unfortunately, it is in most cases not possible to solve
the Master equation analytically when the reaction system of
interest involves nonlinear steps and feedback loops. In such
cases, the impact of intrinsic noise on system function re-
quire approximate methods or brute force numerical simula-
tions. Two frequently employed approximate methods are the
Langevin approach and the LNA. Both methods rely upon
asymptotic expansion in a small parameter—small excur-
sions from a steady state in the Langevin approach,57 and
small deviations from the macroscopic trajectory in the
LNA.*

The LNA provides a convenient method for calculating
the intrinsic fluctuations in systems that display nonsteady
behavior, such as oscillations,58 and is the most suitable ap-
proach in this study. The approximation involves the smooth-
ing of the discrete state space (the number of molecules) into
a continuum (the macroscopic concentrations) and the calcu-
lation of additional terms describing the fluctuations about
the macroscopic trajectory. In other words, the number of
molecules n,(f) of a species i is approximated as a continuous
variable in terms of the concentration ¢,(¢) and a term a;(z)
describing the deviation from c¢,(¢). Because the impact of
this fluctuation is expected to scale with the square root of
the system size (), the number of molecules is approximated
by setting

nt) = Qi) + VQay(r). (17)

In addition to the suitability of the ansatz in Eq. (17), the
LNA assumes that the step operator [Eq. (11)] associated
with the transition probabilities in the Master equation is
well described by a Taylor series for large (). This is reason-
able since an integer change in molecule numbers n; has
infinitesimal effect on the concentration ¢; in the macro-
scopic limit. In terms of Eq. (17), adding k molecules in-
creases the value of «; by k/(). Therefore, for large system
size, the completion of a single reaction brings about a small
concentration change and the operator Ef‘ is well approxi-
mated by a truncated Taylor series

k K
Efz|:1+,_ﬁai+ﬁai2:|’ (18)
\

where d; and & denote 9/(da;) and ?/(da?), respectively.
To calculate the average fluctuations {«;) and the vari-
ances (;a;), it is necessary to derive an equation that de-
scribes the fluctuations a(f)=a, ..., ay, where d is the num-
ber of distinct species in the system. This is done by
introducing the probability density I1=II(a,?)=Q%*P(n 1)
where the scaling Q%2 ensures that II is appropriately nor-
malized. The next step is to obtain an approximation of the
equation that governs the evolution of II. This is done by
inserting Eqs. (17) and (18) into the Master equation, fol-
lowed by collecting terms in which () appears with the same
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order (see Ref. 46 for details). Terms that are independent of
Q constitute the zeroth order approximation (since (1°=1),
corresponding to the macroscopic rate equations

dc
o =fle). (19)

The equation that governs the evolution of II(e,t) con-
tains terms multiplied by 1/VQ. Collecting these terms
yields the general form of a linear Fokker-Planck equation

all 1

ij L]
where A;; are called drift or dissipation terms and B;; are
called the diffusion terms. The matrix A is given by the Jaco-
bian evaluated pointwise along the trajectory

Ay = i ) (21)

9jleq

and reflects the local stability of the macroscopic system to
small perturbations at the point ¢(#). The matrix B describes
the strength of the local fluctuations and is a bit more chal-
lenging to calculate (see Appendix A). It is noted that the
time-dependent coefficient matrices A and B are independent
of the fluctuations e, which appear only linearly in Eq. (20).
This ensures that the solution P(n,f) conditioned by the ini-
tial state P(n,0)=8(n—n,) is normal and completely charac-
terized by the first two moments.

Equations describing the evolution equations of the
means (¢;) and the variances ((e;—(@;))(a;—(a;))) are ob-
tained by multiplying Eq. (20) by «; and integrating over all
a=ay, ..., ay For the means, one obtains the equation

) =Ale). (22)

Notice that if the initial state is known precisely so that
{(a(0))=0, then the mean will remain zero for all time. For
simplicity, we shall always assume that (a)=0, so that for
the variances C;;=(a;a;), one obtains a set of equations that
in compact matrix-vector form are given by

dc r

—=AC+CA" +B. (23)

dt

Because the probability distribution P(n,t) is completely
characterized by its first two moments, we may further write
the solution II(e,7) as a d-dimensional Gaussian probability
distribution spanned by the fluctuation variables a

I(a,t) = SN S exp[— laTC‘la] . (24)
V@2m)? det[C] 2

The fluctuations away from the macroscopic trajectory are

given by the contours of II, which are referred to as the error

curves. Choosing the number K as the probability contained

within the contour, the equation for the corresponding error

curve is given by
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1
-a'C'a=K. (25)
2

This equation provides a useful tool for visualizing variances
along the macroscopic trajectory in higher dimensions.

Since the Fokker-Planck equation in Eq. (20) and the
error curves in Eq. (25) employ a continuous approximation
of the number of molecules, the last step is to convert to a
description in terms of fluctuating concentrations ¢;
=;/VQ and find an equation for corresponding cross-
correlation matrix C=(@a”"). This is done by substituting Eq.
(17) into Eq. (23)

d(aal)

dt

=A@@") + (@a)AT + %. (26)

It is interesting to note that some basic features manifest
directly in this equation. First, the internal perturbations to
the system variables are brought about by a diffusion term
(B/€)), that diminishes as the system size increases. It would
thus be expected that a system with a design and parameter
values that yields high values of B is more sensitive to a
decrease in system size than a system characterized by low
values of B.* Secondly, since A gives the sensitivity of the
system to perturbations in the variables, a system that is
more dissipative (i.e., large, all negative eigenvalues of A), is
more efficient in dampening small excursions away from the
macroscopic trajectory yielding lower intrinsic noise.”’

A. Intrinsic noise in the expression of a single gene

To illustrate the use of the LNA, consider the simple
model of gene expression in Fig. 1. When mRNA synthesis
is associated with a constant rate «,;, the Master equation is
given by [cf. Eq. (14)],

dp

d[ = KMQ(E

— )P+ kp(E,' = )iniP + 8y(E,, - 1)inP

+ Sp(E, — 1)pP. (27)

The Master equation is then expressed in terms of II
=II(a;,a,,t) by applying the chain rule (see Ref. 46 for
details). The result is the equation given by

dP 1 I&H d c?l_[ d ﬁl_l
[ m e (28)

dt \Q \Q ot dt(?am dtaap

Inserting n_1=Q(m+am/\r’ﬁ) and ﬁ:Q(p+aplvﬁ) [Eq. (17)]
and the approximate step-operator [Eq. (18)] into the Master
equation [Eq. (27)], yields an intermittent equation contain-
ing terms multiplied by 1/ \Q raised to different powers

1 &H dm
—d, —a,,H
VQ o dt dt

R I E P
= —=_g, [T+ —=_9
KM|:2\’,Q Kp Z\F

Q

e e e
+ Oyl O+ ——=
2VQ
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o)
+6p| 0, + —= +—£& |1I. 29
P|: 2\/5 p \6 (29)

Isolating terms entering Eq. (22) independent of ), cor-
responding to zeroth order in 1/V(), yields

d
—mﬂ H+

o ML =Ky = Syym]d, 11+ [kpm — Spp]d,11.

(30)

Equating the coefficients of J1I then yields the macroscopic
rate equations in Eq. (1).

An approximate evolution equation for I1(«,,, @,) is ob-

tained by isolating terms entering Eq. (29) with first order in
1/ \Q This first-order approximation is given by

dil

=K—Ma,2nH+
dt 2

Kpm
%a,%n = kpdp(a,IT) + 8y, 1)

I d,
+ %mafnn + %palz,ﬂ + 8pd,(a,Il), (31)

which is a Fokker-Planck equation with the coefficient ma-
trices

-0 0
A={ M }’
Kp —5})
+ 6 0
B=[KM i }
0 Kpm + Spp

(32)

The intrinsic noise in the steady state is found by setting
the left-hand side of Eq. (23) to zero and solving for (¢;a;).
This yields the following set of equations:

- 25M<ama/m> + Ky + 5Mms = 0,
- (6M + 5P)<amap> + KP<amam> = O’ (33)

=20, @,) + kp{a, @) + kKpm* + Spp° =0,
the solution of which, with ¢= 35,/ dp, is written compactly
; r
1+¢

P L)
P+
1+¢ m*(1 + ¢)
Using the definition (a@,,)’=C%,, it is a simple matter to
calculate the intrinsic noise in the protein concentration

(34)

2_@_LM_L{L ;}
e oy alp twien ]

in agreement with Eq. (16) in the limit of fast promoter ki-
netics. The real power of the linear noise approximation,
however, lies in the possibility of calculating the intrinsic
noise in systems with nonlinear reaction rates where moment
generating functions are of no use. The following section
illustrates the point using a simple two-dimensional chemical
oscillator.
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IV. EFFECTS OF INTRINSIC AND EXTRINSIC NOISE
ON THE BRUSSELATOR

The Brusselator is a two-species autocatalytic reaction
network described by the macroscopic rate equations

d
—x:1+ax2y—(b+1)x,

d
U d_}t) =—ax?y + bx, (36)

where x and y are the concentrations of the two species, X
and Y, respe:ctively.60 The macroscopic description admits a
unique steady state given by (x*,y*)=(1,b/a). This steady
state is stable when b<<1+a and unstable when b>1+a.
The critical point, b=1+a, is a Hopf bifurcation where a
limit cycle attractor is created. The system is simple enough
that it provides a clear forum to present the tools we shall use
in later sections since unfortunately the higher-order systems
do not yield such simple analytical results.

A. Evaluating extrinsic noise
1. Steady state regime

The derivation of sensitivities and noise susceptibilities
can be carried out explicitly for »<1+a since an analytic
description of the dependence of the steady state on the pa-
rameters is available. Applying Eq. (7) at the steady state
(x*,y%)=(1,b/a) yields steady state noise susceptibilities that
are zero for x (since x* is independent of the parameters) and
unity for y (since y* is linear in a~! and in b). Hence, in the
linear SNA, the system neither amplifies nor attenuates ex-
ternal perturbations. It is noted that the linear dependence of
y* on b and a~! is analogous to the linear dependence of the
steady state protein abundance p® on k;;, Kp, 51[41, and 6;,' in
Sec. IT A.

The result X;’a=1 is only valid for infinitesimal pertur-
bations in a. Because of the inverse dependence of y* on a
(or of p* on &), and &p), perturbations of finite size change
the steady state nonlinearly and lead to a breakdown of the
linear approximation in Eq. (4). To determine noise suscep-
tibility in this more general case, it is necessary to employ an
approach that takes nonlinear effects into consideration. For
X;.» this can be accomplished directly by sampling N differ-
ent values of the parameter, and then calculating the resulting
external noise as described in Sec. II A,

1 1
2 K s 2
Mo = T w2 (@) = (7 (@) (37)
@) PN
Alternatively, when the static parametric noise is associated
with the probability distribution G(a), the variance in y* can
be calculated directly via

o(a) = (y'(@)?) - (*(a))*
at 2
f Y(@)Gla)da

a

~ f " (@ Gla)da -

(38)

where (a~,a*) is a range containing a, that is sufficiently
large to make the tails of the improper integrals negligible
but sufficiently small so that b<<1+a for any value of a.
Once the integrals on the right-hand side of Eq. (38) have
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FIG. 2. Parametric noise in the Brusselator system. (a) Steady state suscep-
tibility for y calculated using the linear (broken line) and nonlinear SNA
(full line). The calculation used a~=0.0001, a*=10. The truncated tails of
the integration are negligible over the range of o, € (0.0005,0.08). (b) De-
synchronization of initially identical oscillators due to variability in a. (c),
(d) Susceptibilities in oscillation amplitudes and period with parametric
noise in (c) a or (d) b. In panels (a), (c), and (d), the susceptibilities coincide
with the sensitivity at low parametric noise and increases as the parametric
noise is increased.

been calculated, which in general must be done numerically,
the noise susceptibility X;,a can then be calculated as in Eq.
(3). This nonlinear SNA method can be used to evaluate the
effect of noise in a parameter on any chosen measure of
system behavior, independent of the form of the trajectory.

The results of such calculations are shown in Fig. 2(a),
for the nominal parameter value (ag,by)=(0.5,1). The figure
shows how the steady state noise susceptibility x; , changes
as a function of Gaussian parametric noise defined by 7,
=0,/ ay. Notice that the noise susceptibility depends on the
magnitude of the parametric noise. For small 7,, we recover
the limiting case of ) ,=1 corresponding to infinitesimal
parametric perturbations. As 7, increases, the nonlinear ef-
fects come into play causing an increase in the noise suscep-
tibility as the external noise intensifies. In other words, para-
metric noise is generally amplified by the system and the
degree of the amplification increases with the magnitude of
the external perturbations.

2. Oscillatory regime

The Brusselator displays stable oscillations when b> 1
+a. In this regime, there are several ways to evaluate the
impact of external fluctuations. Figure 2(b) shows how para-
metric noise in the parameter a affects an ensemble of deter-
ministic oscillators with identical initial conditions. The dif-
ferent values of a yield oscillators with varying amplitudes
and periods. As a result, they progress at different rates along
limit cycles, resulting in the desynchronization of individual
oscillators. The rate of desynchronization, which is an impor-
tant indicator of robustness and noise resilience, depends on
the variance in the oscillation period, and can be obtained by
calculating the autocorrelation function associated with the
ensemble-averaged trajectory. However, this approach re-
quires quite intensive computations.
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Alternatively, we can apply the SNA as outlined in Sec.
IT by evaluating the effect of parametric perturbations on
characteristics of the trajectory, such as the oscillation am-
plitude and its period. However, since no analytic description
is available for these characteristic, it is necessary to deter-
mine the parametric noise susceptibility of the period x5~
and amplitude X" with respect to p using numerical simu-
lations. In the linear regime these measures can be obtained
by evaluating parameter sensitivity‘m’f’l_63 (i.e., the linear
SNA). For nonlinear dependencies, the measures can be ob-
tained by brute force Monte Carlo sampling where the vari-
ance (e.g., oﬁer or o'imp) is obtained from a probability distri-
bution obtained by applying a sufficiently large number of
perturbations §; and running a simulation with the altered
parameter value p;=pg+ &; for each sampled value.

A more efficient method is to calculate the variances by
integration as in Eq. (38). Because analytical forms are not
available, this implementation of the nonlinear SNA involves
tabulating dependencies of the desired characteristics on the
parameter p over the entire range (p~, p*) of relevant values.
While this requires some initial computations, the calculation
for each nominal parameter value p, and for each value of
the parametric noise 77, can be done very rapidly.

Additionally, numerical continuation packages are avail-
able to efficiently map how nontrivial characteristics depend
on system parameters and the extension to parametric depen-
dencies, €.g., when pj is varied and 7, is fixed, other oscil-
lation characteristic, such as absolute amplitudes, and more
complex characteristics, for example in bursting and period
doubling phenomena, can also be addressed. The extension
to parametric dependencies, e.g., when p, is varied and 7, is
fixed is straightforward.

Figures 2(c) and 2(d) show the noise susceptibilities for
the oscillation amplitudes (x{;" and x;’F) and the period
(X)) when the parametric noise 7, is varied when a and b
are noisy parameters, respectively. As in the analysis for the
steady state, the noise susceptibility obtained with the non-
linear SNA coincides with the sensitivity for low noise in-
tensities, and increases as the magnitude of the perturbations
becomes larger and nonlinearities becomes important. It is
noted that x> can be linked directly to a measure of the rate
at which an initially synchronized population goes out of
phase. The phase of an oscillator grows linearly in time in
proportion to the frequency of the motion and so the rate at
which two oscillators are desynchronized is equal to the dif-
ference in the reciprocals of the periods. This measure is
proportional to the difference in the periods, and so is essen-
tially captured by the susceptibility.

B. Evaluation of intrinsic noise

With the notations introduced in Sec. III, the Master
equation describing the Brusselator system is
oP _ a i _
— =QE!"-1)P+ E(EIIE;— Dx(x—1)yP
+(E| - 1)XP + b(E|E," - 1)xP, (39)

where X and y are the number of X and Y molecules, respec-
tively. This nonlinear equation is approximated using the
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LNA by inserting the ansatz in Eq. (17) and the approximate
step operator in Eq. (18). In a manner that is completely
analogous to the approach taken in Sec. III, the macroscopic
rate equations are obtained as the zeroth order approximation
by collecting terms that are independent of Q [i.e., (1/vVQ)°]
while the Fokker-Planck equation describing the fluctuations
about the macroscopic trajectory is obtained by collecting
terms containing 1/v(). Without providing additional details
(see Ref. 46), the coefficient matrices associated with the
Fokker-Planck equation are given by
2

A {Zaxy b+1) ax 2}

b —2axy —ax

(40)

{1 +(b+1)x+ax?y —bx—axzy]

—bx —ax®y bx + ax*y

These matrices are used to evaluate how increased internal
fluctuations (i.e., decreased system size) impact both the
steady state (b<<1+a) and the oscillations (b>1+a).

1. The stable regime b<1+a

The equations governing the evolution of the mean and
variance of a, and a, are obtained from Egs. (22) and (23).
In the parameter regime where the macroscopic solution
(x*,y*)=(1,b/a) is stable, the mean of the fluctuations van-
ish as the system approaches the steady state while the vari-
ances remain finite. In the steady state the cross-correlation
matrix can be shown to be given by

o { (e’ <a1a2>5}

(o) <01%>S
1 b+1+a -2b
=— ) . (41)
l+a-b| -=-2b bla+bla+b

The steady state intrinsic noise in the concentrations x and y

are then obtained using (a;)'=C}, and (a})'=C,,

5 l+a+b 5 a , 42)

Mxint = m’ 7]y,inl = b M int-

As discussed in Sec. III, the approximate steady state
probability distribution IT*(«;,q,) is a bivariate Gaussian
centered around the steady state (1,5/a) and the fluctuations
are constrained to lie within an error curve [Eq. (25)] ob-
tained from the steady state cross-correlation matrix in Eq.
(41). The error curve obtained in the x,y phase plane with
K=0.6826, corresponding to one standard deviation, is
shown in Fig. 3(a) together with points of trajectories gener-
ated using stochastic simulations of the Master equation.

Recent investigations of stochasticity in genetic circuits
have focused upon the fluctuations around a stable steady
state. With a few notable exceptions,s&59 fluctuations around
macroscopic limit cycles have received less attention. In the
next section, we review the work of Tomita and co-workers™®
on the two-dimensional Brusselator, extending their work by
providing an explicit scheme for carrying out the analysis on
oscillators with arbitrary state dimension. Along the way, we
develop noise measures that are well suited to quantify fluc-
tuations around a limit cycle.
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FIG. 3. (a) and (b) Time series and phase plane portraits showing the error
curves (one standard deviation) for the Brusselator system in (a) the steady
state regime (¢=0.95, b=1.90). The curves represent the first and second
standard deviations predicted by the linear noise approximation. (b) The
oscillatory regime (a=5, b=10) for =1000. The predictions of the linear
noise approximation are shown as gray error curves.

2. Limit cycle regime b>1+a

To compute the intrinsic noise in the parameter regime
beyond the Hopf bifurcation, it is necessary to solve the
Fokker-Planck equation along the limit cycle. The analysis
proceeds almost identically to that outlined in the previous
section, except that we must first introduce a new reference
frame that moves with the macroscopic trajectory. This is
necessary to allow the separation of fluctuations that are per-
pendicular to the limit cycle from those that are tangent to
it.”*> The fluctuations along these two directions are both
important. The fluctuations along the tangent, with variance
that grows unbounded, affects the oscillation phase (and its
period) and tends to cause initially identical systems to de-
synchronize. On the other hand, trajectories perturbed away
from the limit cycle are drawn back to it, and the fluctuations
perpendicular to the limit cycle contains the information that
is required to calculate the variability along the phase-plane
trajectory as well as the fluctuations in amplitudes.

To resolve motion into tangent and normal directions
pointwise along the limit cycle, we choose the so-called Fré-
net frame (see Appendix B) because it is readily scaled to
higher dimensional systems. This change of reference frame
transforms the matrices A, B, and C of the Fokker-Planck
equation into the new matrices A’, B’, and C'. The new
matrices are then inserted into Eq. (23) to obtain an equation
that governs the evolution of the cross-correlation matrix C'.
Analogous to the steady state analysis, the elements of A’
and B’ give the local stability and the diffusion away from
the trajectory, respectively. Specifically, the transformed ma-
trices are both in block-diagonal form (Appendix B) with the
first elements A[, and B, giving the phase drift and the
phase diffusion along the macroscopic trajectory. The d—1
sub-blocks of A" and B’ determine these properties along the
orthogonal directions. In other words, the variances perpen-
dicular to the macroscopic trajectory are obtained from an

Chaos 16, 026107 (2006)

equation that governs the evolution of the d—1 sub-block of
C’ [cf. Eq. (B3) in Appendix B].

The evolution equation for the d—1 sub-block of C’ as-
sociated with the two variable Brusselator system is particu-
larly simple as it contains only scalars. It is given by (see
Appendix B)

=2A5,C5+By. (43)

After the transients have passed, the trajectory in the original
x,y coordinates can be anywhere along the limit cycle, but
transverse fluctuations are largely confined to a narrow re-
gion of width \/C_§2/ \«"5, where the 1/ \J’ﬁ dependency is in-
troduced by the variable transformation from numbers of
molecules into concentrations. That is to say the fluctuations
away from the macroscopic trajectory scale as 1/+€) in both
the oscillatory and the steady state regime. However, because
C,, is evaluated pointwise along the limit cycle, the magni-
tude of the fluctuations is different in different regions of the
phase plane. This is illustrated in Fig. 3(b), which shows the
error curve [Eq. (25)] evaluated pointwise along the macro-
scopic trajectory in the x,y phase plane together with nu-
merical simulations of the Master equations.

As Ali and Menzinger59 demonstrate in great detail, a
globally stable limit cycle is more usefully thought of as a
patchwork of attractive and repulsive segments along the or-
bit. This phase dependent local stability has observable con-
sequences in stochastic systems; fluctuations during an un-
stable phase will be amplified, while fluctuations along a
locally stable phase are strongly damped. Formally, from Eq.
(23), since A is a function of the macroscopic trajectory x(z),
the eigenvalues of A will likely vary along the orbit, in some
cases perhaps even change sign. In regions of local instabil-
ity, fluctuations through B will be amplified leading to an
increase in variance C as seen in the plots drawn from a
stochastic simulation,”” shown in Fig 3(b).

Because the variances change during the oscillation,
there is no direct analog to the steady state intrinsic noise
measure in the oscillatory regime. We will employ two dif-
ferent measures—the intrinsic amplitude noise 7" and the
total intrinsic noise 7. The intrinsic amplitude noise in spe-
cies i is defined as the standard deviation in the absolute
concentration amplitude divided by the average absolute am-
plitude

(Cmax,i - Cmin,i)z '

amp __

77int,i -

where ¢, ; and ¢, ; are the highest and lowest macroscopic
concentrations attained during the oscillation, respectively,
and oy, ; and o, ; are obtained by evaluating the relevant
entries in the matrix C' at these points. As the second mea-
sure, we define the total intrinsic noise in species i by evalu-
ating the average intrinsic noise over the limit cycle trajec-
tory ¢,(1),
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Based on the these definitions, it is clear that the LNA yields
intrinsic amplitude noise [E£L (44)] and intrinsic total noise
[Eq. (45)] that scales as 1/VQ). However, because they yield
a single scalar for each species, they are convenient when
evaluating the effect of changing system parameters.

As in the previous section, we would like to evaluate
how perturbations affect the variance in the oscillation pe-
riod. Unfortunately, the period is a nonlocal characteristic
that is not immediately available from the local measures of
phase drift and diffusion determined by the elements A, and
Bj,, respectively. The quantity Cj, is of no use as the vari-
ance in oscillation phase grows unbounded.

The correlation time 7., which is determined by the in-
verse damping rate of the autocorrelation function, is typi-
cally calculated numerically from stochastic simulations of
the Master equation, although some work has been done re-
cently to quantify 7, analytically.64 The analytic development
is complicated, however, and the phase diffusion does pro-
vide somewhat similar information. Recall from Sec. III that
the magnitude of B in part determines how sensitive a given
point in the phase plane is to a decrease in system size. In a
similar fashion, the magnitude of term Bj, is related to the
sensitivity of the oscillation phase at a given point along the
limit cycle and the rate at which initially identical oscillators
will desynchronize. As a scalar measure of this sensitivity,

we define the averaged intrinsic phase diffusion A% as
. 1 t'+T B’ (t)
A= f paTE (46)
1l 0wl

where the norm |jc(7)|| of the concentration vector is intro-
duced to allow direct comparison when a parameter value is
changed.

For the Brusselator, the transformation of B into the Fré-
net frame (Appendix B) yields a phase diffusion coefficient
that at time ¢ [and position x(¢),y(7) in the phase-plane] is
given by

B\ =fiB11+ 2 f,Biy+ 1B, (47)

where f, and f, are the macroscopic rate equations for the
concentrations of x and y defined in Eq. (36) and B;; are the
elements of the diffusion matrix defined in Eq. (40). Hence,
to calculate the average intrinsic diffusion, we need to evalu-
ate Eq. (47) pointwise along the limit cycle and insert the
result into Eq. (46). The result for fixed system size and
varying a is shown in Fig. 4(a). It is seen that for the total
noise, the concentration of x is more sensitive to changes in
a than the y species which can be argued heuristically by
noticing that an increase in a will make the top-left entry of
the Jacobian matrix [Eq. (40)] more positive resulting in a
greater noise susceptibility in x. The amplitude noise is
roughly constant over a for both species as seen in Fig. 4(b).
As a control, the dependency of A% on a, which is shown in
Fig. 4(c), should be compared with the correlation time 7,
obtained from numerical simulations of the Master
equation® in Fig. 4(d). The two measures follow the same
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FIG. 4. Intrinsic noise the oscillations of x (full curves) and y (broken
curves) generated by the Brusselator system for 2=1000 when « is varied,
holding the ratio b/a=2 fixed. (a) Total noise. (b) Amplitude noise. (c)
Average phase diffusion. (d) Inverse correlation time computed from 500
trials of a stochastic simulation.

general trend, suggesting that the averaged intrinsic phase
diffusion provides an estimate of the effect of system size on
the oscillation period that can be calculated very rapidly
from the macroscopic rate equations and the macroscopic
phase-plane trajectory.

V. GENETIC OSCILLATORS

In this section, we apply the principles discussed in the
previous sections in a comparative study of two genetic net-
works, the Repressilator and the Atkinson oscillator. These
networks yield oscillatory gene expression when imple-
mented in E. coli, but employ different designs to achieve
oscillatory dynamics (Fig. 5). The Repressilator network
consists of three transcriptional repressors whose genes and
promoters are connected serially to form a negative feedback
loop circuit. On the other hand, the Atkinson oscillator em-
ploys two transcriptional regulators, an activator and a re-
pressor, organized in a circuit that combines positive and
negative feedback loop regulation. While both networks
yield oscillations, they appear to have markedly different
sensitivity to noise. Only a fraction of the cells harboring the
Repressilator oscillate and these oscillation desynchronize at
a very short time scale.”> On the other hand, cells harboring
the Atkinson network maintain damped oscillations at the
population level over a long time scale’ indicative of high
synchrony at the single-cell level. One possible explanation
for the observed differences in apparent robustness is that the
two network designs have inherently different susceptibilities
to internal and external noise. This is the question that we
seek to explore using the tools demonstrated in Sec. I'V.

In order to make a comparative analysis, we adopt a
consistent framework to model the two networks. In this
framework, the three-gene Repressilator network in Fig. 5(a)
is modeled as a six-variable system (three mRNA species
and three proteins) governed by the normalized macroscopic
rate equations
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FIG. 5. Macroscopic oscillations in models of the Repressilator and the
Atkinson networks. (a) Network design. (b) Oscillations in p, (full curves)
and p, (broken curves) when all parameters except « are identical (see text).
The range in (individual) parameter values over which the system exhibits
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indicate that oscillations cannot be suppressed by increasing or decreasing
the parameter.

dmi Ki
I a[Ki+ is
dr 1 +p;
(48)
dp:
P op- By, i=1,2.3,
dr

where the effect of the repressor on the rate mRNA synthesis
is modeled using Hill-type kinetics and the decay rates are
assumed to be the same for each mRNA and protein species.
In these equations, which are obtained by introducing the
dimensionless time 7= ), -t and expressing mRNA and pro-
tein concentrations relative to the Hill constant, the term a- k;
captures repressor-independent (i.e., basal) mRNA synthesis,
B; is proportional to the rate of protein synthesis, and € is the
ratio of mRNA and protein decay rates.

The Atkinson network in Fig. 5(b) involves transcription
regulated by two proteins and is modeled in a similar fashion
as a four-dimensional system governed by the rate equations

dml K1 p’lll
d =aiK;+ n2. nl—ml,
t L+py2 1+p
dm Kop!
— =q + —m,, 49
d 212 l+p'f1 2 ( )
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dp;
—=—¢(p;- Bmy),

i=1,2.
dt

In these equations, it is assumed that the synthesis rate of
activator-encoding mRNA (m;) can be expressed as the
product of Hill-type functions describing the activating ef-
fects of p; and the repressing effect of p,. For simplicity, we
will additionally assume that the all relative basal transcrip-
tion rates, Hill coefficients and relative rates of protein syn-
thesis are identical (i.e., a,=a, n;=n, B;=[8). Moreover, we
set k3=k, for the Repressilator and define x,=« for both
models. To have « as a single parameter governing overall
transcription, we further introduce vy as the ratio of the maxi-
mal transcription rates and express «; in terms of « through
Kk;=7yk. With these restrictions, the two models involves a
total of six free parameters (a, vy, k,n, &, B).

For our comparative analysis, we chose parameter values
that, with exception of «, are identical (a= 1073, y=5, n=3,
e£=0.1, 8=20) and yield oscillations in the deterministic de-
scription of both systems. The oscillations observed with the
chosen parameters are shown in Fig. 5(b). To obtain oscilla-
tions with comparable maximal amplitudes, a higher value of
k was used in the simulations of the Atkinson network (x
=1) than in the simulations of the Repressilator (k=0.4). In
Fig. 5, we show the change in these parameter values that are
required to suppress the oscillation. This comparison indi-
cates that the likelihood of observing oscillations is greater in
the Repressilator than in the Atkinson network. With the ex-
ception of the ratio of protein and mRNA decay rates &,
whose value does not affect the ability of either system to
oscillate, the Repressilator shows oscillations in a much
greater range of parameter values that the Atkinson oscilla-
tor.

In the following sections, we compare in a similar fash-
ion the effects of intrinsic and extrinsic variability on the
oscillations in the two systems by applying the nonlinear
SNA and the LNA as described in the previous sections. The
results of these analyses are by no means guaranteed to agree
with the (deterministic) bifurcation analysis shown in
Fig. 5(c).

A. Effects of extrinsic variability

To evaluate the robustness of the two oscillating gene
networks to external perturbations, we apply the nonlinear
SNA method as demonstrated in Sec. IV A 2 using the Brus-
selator system. In Fig. 6 we show the change in external
noise susceptibility of the oscillation period in the Repressi-
lator and the Atkinson network with increased variability in
one or more of the system parameters.

The noisy parameters are chosen as the ratio of protein
and mRNA decay rates (&), the maximal transcription rate of
mRNA (k), and inhomogeneity in maximal transcription
rates (), though analysis involving other parameters could
also be of interest. Simultaneous noise in all the maximal
transcription rates is biologically relevant as factors that are
global to each cell, such as enzymatic activities and meta-
bolic state, are expected to affect the expression of each gene
similarly.
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FIG. 6. Parametric noise in the Repressilator and the Atkinson network. (a)
Desynchronization of initially identical oscillators due to the variability in €.
(b) Parametric noise susceptibility in the amplitude of oscillations in protein
p> when parametric noise is applied to the parameters &, k, and 7. (c)
Parametric noise susceptibility in the period. The nominal parameter values
are a=1073, y=5, n=3, £=0.1, 8=20, k=1 (Atkinson) or x=0.4 (Repressi-
lator) The susceptibilities coincide with the sensitivity at low parametric
noise and increases as the parametric noise is increased.

As for the case of the Brusselator system, these graphs
show the susceptibility for both networks coincide with the
sensitivity in the linear regime (small noise intensity), and
the nonlinearity having an effect as the distribution widens. It
is noted that with the exception of &, the noise susceptibili-
ties obtained for the Repressilator are consistently lower than
those obtained for the Atkinson network.

An interesting feature of the Atkinson oscillator is the
difference between the susceptibility in the period with re-
spect to k and y. For small perturbations, a shift in v, which
affects only a single rate, has a larger effect on the period
than a corresponding shift in the coordinated rate x. How-
ever, as evidenced by the crossover between the two curves,
the situation is reversed for larger perturbations, for which
changes in the coordinated rate are felt more strongly.

While the analysis is not comprehensive, it suggests that
the two networks have comparable robustness, though the
Repressilator appears more sensitive to shifts in the ratio of
mRNA and protein decay rates.

B. Effects of intrinsic fluctuations

In this section, we perform a limited comparative LNA
analysis of the impact on the oscillations generated by the
two genetic networks for decreased system size. The analysis
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FIG. 7. Comparison of the effect of reduced system size (1=100) on the
oscillations generated in the Repressilator and the Atkinson networks. (a)
Oscillatory time series. The concentration of p,; and p, are drawn with full
and broken lines, respectively. (b) Phase planes. The deterministic and sto-
chastic trajectory are shown as solid and broken curves, respectively. The
error curves are shown in gray. Insets show the deterministic trajectories and
the error-curves obtained for 1=1000.

is carried out using the nominal parameter set and for varia-
tion in ratio of mRNA and protein decay rates.

The oscillations generated by the two networks for a
system size of =100 are shown in Fig. 7(a). This system
size corresponds to a maximal amplitude of about
1500 molecules in p; for the Repressilator and in p, for the
Atkinson oscillator. To maintain consistency, the propensities
used in the stochastic simulation® are identical to those used
in the macroscopic description, including the time averaging
implied by the Hill-type kinetics. It is noted that the oscilla-
tion amplitude of p; is fairly irregular in the Atkinson net-
work and seems to occasionally reach abundance levels that
are significantly higher than in the macroscopic limit. Appar-
ently, when the concentration of the repressor p, is low, sto-
chastic effects may facilitate rapid synthesis and accumula-
tion of the autocatalytic protein p;. Direct inspection of the
stochastic trajectories thus suggests that the Atkinson net-
work is more sensitive to intrinsic noise than the Repressila-
tor, at least in terms of the maximal oscillation amplitude
of p,.

The phase plane portraits associated with the stochastic
time series are shown in Fig. 7(b) together with the macro-
scopic trajectories and error curves calculated along this tra-
jectory. In both cases, the stochastic phase-plane trajectories
are largely confined to the region predicted by the LNA.
Additionally, while being only an approximate measure, the
LNA is able to capture the relative high variability in the
amplitude of p; in the Atkinson network.

Analogously to the prediction of a 1/} scaling of in-
trinsic noise in steady state gene expression, the LNA pre-
dicts that the variance perpendicular to the direction of the
limit cycle scales as 1/VQ [see Fig. 7(b) insets]. This is
essentially because the calculation of the cross-correlation
matrix is based on macroscopic rate equations that are inde-
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diffusion for the two networks when the parameter ¢ is varied for Q=100.
The noise associated with p; and p, are drawn with full and broken lines,
respectively, in (a) and (b).

pendent of system size. It is expected that LNA will not
provide sufficiently adequate estimates when the system size
becomes very low, or near critical points where the system
changes its qualitative behavior.*’ The advantage of the LNA
is that it is much more efficient when the number of mol-
ecules is relatively high and brute-force simulations of the
Master equation become prohibitively long.

The LNA is very efficient in estimating the effects of
varying a system parameter for fixed system size. An ex-
ample of such an analysis is shown in Fig. 8, which shows
how the total intrinsic noise, the intrinsic amplitude noise
and the average phase diffusion changes when the value of &
is increased from it nominal value. In the two networks, the
total noise, Fig. 8(a), is consistently higher for p; regardless
of the value of e. The largest difference in total p, noise
arising at low values of & where, for the Repressilator, the
total noise in p; is less than that of p,.

It is interesting to note that the total noise in Fig. 8(a) are
not necessarily correlated with the variability in oscillation
amplitude noise. Figure 8(b) illustrates how the estimated
noise in the absolute amplitudes changes with . For the
Repressilator, the amplitude noise in p; decreases with an
increase in € in contrast to an increase of the total p; noise
seen in Fig. 8(a). This effect presumably arises from an in-
crease in variance in regions along the trajectory with inter-
mediate abundance of p;. For the Atkinson oscillator, the
total p; noise correlates with the amplitude noise, consistent
with the total noise being dominated by large variability in
the rate of autocatalytic p, synthesis.

Calculations of the average phase diffusion (Fig. 8) in-
dicates that increasing & makes the oscillation period more
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sensitive to intrinsic noise in both the Repressilator and the
Atkinson network. This, in turn, suggests that employing
stable proteins may decrease the rate of desynchronization
between initially identical oscillators. This is interesting con-
sidering this result in the light that decreased mRNA half-
life, i.e., increased & through time averaging decreases intrin-
sic gene expression noise in the steady state. Additionally,
even though the oscillation period of the Repressilator ap-
pears slightly more resilient to intrinsic noise, it appears that
the two oscillator designs yield oscillations that are about
equally robust to intrinsic noise under comparable condi-
tions. However, given the limited scope of our analysis, the
generality of this result remains to be determined.

VI. DISCUSSION

The comparative analysis of the oscillations generated
by the Repressilator and the Atkinson networks suggests that
the former is more robust. This increased robustness is mani-
fested on several levels. It is much more likely to observe
deterministic oscillations in the Repressilator given a random
set of parameter values and this system has an overall in-
creased resilience to both extrinsic and intrinsic noise in
terms of both oscillation period and amplitudes. This is in
direct contrast to experimental observations and suggests that
factors other than network design may be more important.

It is possible that the use of destabilized proteins in the
Repressilator experiment may account for the observed lack
of robustness in this system. Protein half-life is in the present
models inversely proportional to the parameter & and in-
creasing the & leads to increased total noise, amplitude noise,
and phase diffusion in both systems. Interestingly, if we
compare the total noise in Fig. 8(a) obtained with £=0.1 for
the Atkinson network to that obtained with =1.0 for the
Repressilator (i.e., a tenfold decrease in protein half-life for
the Repressilator), we notice that the total noise is signifi-
cantly higher for the Repressilator system. Similarly, in Fig.
8(c), the phase diffusion is significantly higher for the Re-
pressilator with e=1.0 than for the Atkinson network with
e£=0.1. Hence, differences in protein stability could contrib-
ute to the experimentally observed differences in apparent
robustness.

Another potential explanation for the experimentally ob-
served differences in apparent robustness is the use of self-
replicating plasmids to carry the Repressilator network in-
stead of chromosomal genes in the case of the Atkinson
network. The number of plasmids per cell are known to fluc-
tuate greatly65 and this could in principle introduce a high
level of cell-cell variability in the system parameters thereby
compromising network function.

It is important to emphasize that the analysis presented
here presumes the systems are in a parameter regime condu-
cive to macroscopic oscillations, but for stochastic systems,
that is only half the story as noise tends to extend the range
of parameters that sustain oscillations. These so-called noise-
induced oscillations are most easily realized in excitable sys-
tems, such as the Atkinson oscillator, and have been sug-
gested as a design feature that confers noise resistance to
chemical oscillators>® by harnessing noise to serve a con-
structive end.”*®® The methods described here are not di-

Downloaded 11 May 2010 to 137.122.232.114. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/chaos/copyright.jsp



026107-14  Scott, Ingalls, and Keern

rectly applicable to estimate the effect of fluctuations on lo-
cal macroscopic stability of a fixed steady state, although the
LNA does provide a quantitative measure of the magnitude
of the fluctuations. The discrepancy between the present
analysis and the observed behavior of the two genetic cir-
cuits may then be explained by hypothesizing that it is actu-
ally the noise that causes the oscillations and not the case
that the systems are macroscopically oscillatory with noise
superimposed upon that motion.

The comparative analysis could be extended in a number
of directions to give more conclusive results. With respect to
the effect of external noise in parameter values, a number of
generalizations present themselves. This preliminary analysis
was restricted to perturbations in single parameters while
others remained fixed. To extend this analysis to a complete
local investigation of parameter space, it would be necessary
to address the covariance in the metric arising from the si-
multaneous perturbation of multiple parameters. Such com-
putations could be time consuming if the dimension of the
parameter space is large, but should be feasible on simple
models such as those considered here. An additional gener-
alization would be to consider the effect of time-varying per-
turbations in the parameter values. This complicates matters
considerably, requiring the description of the system dynam-
ics as a stochastic process, e.g., as a set of stochastic differ-
ential equations. Finally, the choice of probability distribu-
tion could be reconsidered. Here we have made a natural
choice of Gaussian distributions, but one could imagine situ-
ations in which an alternative distribution is deemed more
relevant. In particular, for parameters near a bifurcation
point, a log normal distribution may serve to explore a larger
region of the appropriate parameter regime.

The intrinsic noise estimate using the LNA can be im-
proved by implementing an elimination of the fast-decaying
eigenmodes from the drift and diffusion matrices A and B,
though for ease of presentation the details of this additional
complication were not discussed here. Additionally, the LNA
relies upon a stable asymptotic macroscopic state, either a
fixed-point or a limit cycle. More esoteric dynamical behav-
ior, such as bifurcations, multistabilities, and so on, require
more sophisticated treatment (see Ref. 46 for details). For
multistable systems, for example, either the attractors must
be considered individually49 or the full chemical Langevin
equation must be used.®®

We have assumed throughout that the reactants are dis-
tributed homogeneously in space. The cell interior is a
crowded environment and several strategies are used to in-
crease local concentrations of reactants to suppress noise
(e.g., DNA looping, scaffolding, etc.), as well as exploitation
of spatial inhomogeneity to achieve important physiological
functions, such as precise location of cell division.%’ In cir-
cumstances where spatial inhomogeneity is important, often
numerical simulation is the only resort,”’ although the linear
noise approximation can sometimes be generalized to such
systems.”'

APPENDIX A: THE DIFFUSION MATRIX

To arrive at a formal definition of B in terms of known
quantities without having to expand the Master equation di-
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rectly, we briefly outline the approach of EIf and
Ehrenberg.47 Consider the capture reaction in the Brusselator
example,

a

2X, + X,—3X, (A1)

which proceeds at a rate v=a x> y resulting in the change
ny—ny+1 and n,—n,—1. Each individual reaction in the
network proceeds at a certain rate v; and changes species n;
by an integer §;;. The collection of elements S;; is called the
stoichiometry matrix and the collection v; is often called the

J
velocity vector. For the scaled Brusselator,

Sll—l—l dw=[1 axy bx 2T
=lo 21 1 o and v=[1 ax“y bx x]".

By definition, f(¢)=S-v. The matrix A in the linear noise
approximation is then,

Ao Ui NS

Tdeil e de;

(A2)

c(t)'

One can also show that in terms of the stoichiometry
matrix,47

B =S5 -diag[v]-ST. (A3)

Immediately, we see that if a particular reaction initiates a
large stoichiometric change (S;;> 1), the fluctuations through
that channel will be large.

APPENDIX B: MOVING REFERENCE FRAME

From Eq. (19), the rate vector f(c) is always tangent to
the limit cycle. The first d—1 time derivatives of f(c) are
never parallel with one another, and therefore provide a con-
venient algorithm for constructing an orthonormal basis
moving along the macroscopic trajectory,

o fe) e

4O e 4 el B
i-1 Ui

efny= TLED S (LD o Ve, (B2)

dti—l dti—l

J=1

This new coordinate frame is called the Frénet frame.
The orthonormal basis vectors {¢;} are used to construct the
unitary rotation matrix U=[8,(t),é,(¢),...,e,(t)]", that re-
solves motion into tangent and normal directions pointwise
along the limit cycle. The evolution of the variance in the
moving coordinate system is

dac’ r
—=A'C'+C'A'""+B’, (B3)
dt
where A’ and B’ are the transformed matrices,
’ T dU T ’ T
A’ =UAUT + —U", B'=UBU". (B4)

dt

The transformed Jacobian matrix A’ has the structure
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The reduced evolution equation for the stable variance is

=AC+CAT+B, (B5)

=&

where B and C are defined analogously to A and represent
the lower-right block of B’ and C’, respectively. The vari-
ance in the original coordinate system is calculated by invert-
ing the transformation,

C=UT0 9
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